Abstract. If an m + 2-manifold M is locally modeled on R m+2 with coordinate changes lying in the subgroup G = R m+2 ⋊(O(m+ 1, 1) × R + ) of the affine group A(m + 2), then M is said to be a Lorentzian similarity manifold. A Lorentzian similarity manifold is also a conformally flat Lorentzian manifold because G is isomorphic to the stabilizer of the Lorentz group PO(m + 2, 2) which is the full Lorentzian group of the Lorentz model S 2n+1,1 . It contains a class of Lorentzian flat space forms. We shall discuss the properties of compact Lorentzian similarity manifolds using developing maps and holonomy representations.
Introduction
Let A (m + 2) = R m+2 ⋊ GL(m + 2, R) be the affine group of the m + 2-dimensional euclidean space R m+2 . An m + 2-manifold M is an affinely flat manifold if M is locally modeled on R m+2 with coordinate changes lying in A (m + 2). When R m+2 is endowed with a Lorentz inner product, we obtain Lorentz similarity geometry
as a subgeometry of A (m + 2). If an affinely flat manifold M is locally modeled on Sim L (R m+2 ), then M is said to be a Lorentzian similarity manifold. Lorentzian similarity geometry contains Lorentzian flat geometry ( E (m + 1, 1), R m+2 ) where E(m + 1, 1) = R m+2 ⋊ O(m + 1, 1).
Theorem A. If M is a compact complete Lorentzian similarity manifold, then M is a Lorentzian flat space form. Furthermore, M is diffeomorphic to an infrasolvmanifold.
Theorem A is proved as follows (cf. Section 2); The fundamental group π 1 (M) of a compact complete Lorentzian similarity manifold M is shown to be virtually solvable. Then we prove that π 1 (M) admits a nontrivial translation subgroup. Using these results, M will be a compact complete Lorentzian flat manifold. In particular, the AuslanderMilnor conjecture is true for compact complete Lorentzian similarity manifolds (cf. [18] ). Let (PO(m + 2, 2), S m+1,1 ) be conformally flat Lorentzian geometry. If a point∞ ∈ S m+1,1 is defined as the projectivization of a null vector in R m+4 , the stabilizer PO(m + 2, 2)∞ is isomorphic to Sim L (R m+2 ) for which there is a suitable conformal Lorentzian embedding of R m+2 into S m+1,1 − {∞} which is equivariant with respect to Sim L (R m+2 ) = PO(m+2, 2)∞ (cf. [12] ). In contrast to conformally flat Riemannian geometry, R m+2 is properly contained in the complement S m+1,1 − {∞} (cf. [1] ). A Lorentzian similarity geometry (Sim L (R m+2 ), R m+2 ) is a sort of subgeometry of conformally flat Lorentzian geometry (PO(m + 2, 2), S m+1,1 ). In general, the structure group of a conformally flat Lorentzian man- Theorem B. Let M be an m + 2-dimensional compact conformally flat Lorentzian manifold whose holonomy group is virtually solvable in Sim L (R m+2 ). Then M is either a conformally flat Lorentzian parabolic manifold or finitely covered by the Lorentz model S 1 × S m+1 , a Hopf manifold S m+1 × S 1 , or a torus T m+2 .
For m = 2n, there is the natural embedding U(n+1, 1)→O(2n+2, 2) so that (U(n + 1, 1), S 1 × S 2n+1 ) is a subgeometry of (O(2n + 2, 2), S 1 × S 2n+1 ). Here S 1 × S 2n+1 is a two-fold covering of S 2n+1,1 . A 2n + 2-dimensional manifold M is said to be a conformally flat FeffermanLorentz parabolic manifold if M is uniformized with respect to (U(n + 1, 1), S 1 × S 2n+1 ). (Compare [15] .) We study which compact conformally flat Fefferman-Lorentz parabolic manifolds are the quotients of domains of S m+1,1 − {∞} by properly discontinuous subgroups of PO(m + 2, 2)∞ in Section 6. See [14] for a related work.
Theorem C. Let M be a 2n + 2 -dimensional compact conformally flat Fefferman-Lorentz parabolic manifold and (ρ, dev) : (π 1 (M),M )→(U(n + 1, 1)
∼ , R × S 2n+1 ) the developing pair. Suppose that the holonomy group Γ is discrete in U(n + 1, 1) ∼ . If the developing map dev :M →S 2n+1,1 misses a closed subset which is invariant under R and Γ, then dev is a covering map onto its image.
For noncompact complete Lorentzian case, i.e. , properly discontinuous actions of free groups on complete simplly connected Lorentzian flat manifolds, see [4] , [10] , [1] for details.
Lorentzian similarity manifold
Consider the following exact sequence:
Proof. Since P (Γ) is discrete, it acts properly discontinuously on the
On the other hand, the cohomological dimension cd(Γ) = m + 2, the intersection ∆ of (2.1) is nontrivial. Let
be the exact sequence. If p(∆) is nontrivial, then we may assume that there exists an element
The sequence of the orbits {γ n · 0; n ∈ Z} at the origin 0 ∈ R m+2 converges when n→∞,
As ∆ acts properly discontinuously on R m+2 , {γ n ; n = 1, 2, . . . } is a finite set. Since ∆ is torsionfree, γ = 1 which is a contradiction. So p(Γ) must be trivial.
Proof.
(1) When P (Γ) is discrete, we obtain the following exact sequences from (2.1).
(2.2)
is normalized by Γ. Let , be the Lorentz inner product on R m+2 . The rest of the argument is similar to that of [11] . In fact, L(Γ) of (2.2) induces a properly discontinuous affine action ρ on R m+2−k with finite kernel Ker ρ:
(Compare Lemma 3.1.) If necessary, we can find a torsionfree normal subgroup of finite index in ρ(L(Γ)) by Selberg's lemma. Passing to a finite index subgroup if necessary, the quotient R m+2−k /ρ(L(Γ)) is a compact complete affinely flat manifold.
Suppose that , | R k is nondegenerate. According to whether , | R k is positive definite or indefinite, R m+2−k /ρ(L(Γ)) is a compact complete Lorentzian similarity manifold or Riemannian similarity manifold respectively.
If
) is a Riemannian flat manifold by Fried's theorem [7] .) In each case, Γ is virtually solvable.
If , | R k is degenerate, then R k = R consisting of a lightlike vector as a basis. The holonomy group L(Γ) leaves invariant R. The subgroup of O(m + 1, 1) × R + preserving R is isomorphic to Sim
is virtually solvable so is Γ.
(2) When P (Γ) is indiscrete, it follows from [20, Theorem 8.24 ] that the identity component of the closure P (Γ) 0 is solvable in O(m + 1, 1).
It belongs to the maximal amenable subgroup up to conjugate:
It is easy to check that the normalizer of P (Γ) 0 is still contained in
because the normalizer leaves invariant at most two points {0, ∞} on the boundary
There is an exact sequence induced from (2.1):
) is an amenable Lie subgroup. Hence, Γ is virtually solvable. Proposition 2.3. Let M be a compact complete Lorentzian similarity manifold R m+2 /Γ. Then M is diffeomorphic to an infrasolvmanifold U/Γ.
is a virtually solvable group, take the real algebraic hull A(Γ) = U · T where U is a unipotent radical and T is a reductive d-subgroup such that T /T 0 is finite. Then each element r = u · t ∈ U · T acts on U by γx = utxt −1 (x ∈ U). It follows from the result of [2] that Γ acts properly discontinuously on U such that U/Γ is compact. Furthermore U/Γ is diffeomorphic to an infrasolvmanifold by [2, Theorem 1.2].
Since U/Γ is compact, we choose a compact subset D ⊂ U such that U = Γ · D. As Γ acts properly discontinuously on R m+2 and
, it is easily checked that U acts properly on R m+2 . Since T is reductive, we may assume that 
Here T k is a maximal torus in O(m) for which
Proposition 2.5. Every compact complete Lorentzian similarity manifold is a Lorentzian flat space form.
Proof. Consider the exact sequences:
It is enough to show that q(Γ) is trivial. Suppose that there exists an element γ = (a, λA) ∈ Γ such that q(γ) = λ < 1.
By Proposition 2.4, let R m+2 ∩ Γ ∼ = Z ℓ for some ℓ ≥ 1. Let , be the Lorentz inner product on R m+2 as before.
(1) Suppose ℓ ≥ 1. Then there exists a vector n ∈ Z k such that n, n = 0. Calculate
). Take a sequence of orbits at the origin
Noting n, n = 0, this implies that γ k nγ −k · 0→ 0 (k→∞). As Γ acts properly discontinuously, {γ k nγ −k } is a finite set, i.e. γ k nγ −k = 1 for some k. Thus n = 1 which is a contradiction.
(2) Suppose R m+2 ∩ Γ ∼ = Z which is generated by a null vector n, i.e. n, n = 0. Since Γ leaves Z invariant, taking a subgroup of index 2 (if necessary), we may assume n = γnγ −1 = (λAn, I) for γ = (a, λA) ∈ Γ. This implies An = λ −1 n.
Let {ℓ 1 , e 2 , . . . , e m+1 , ℓ m+2 } be the basis on R m+2 such that
The subgroup Sim(R m ) of O(m + 1, 1) has the form with respect to the above basis:
See [15] for details. We may take n for the null vector ℓ 1 . Since An = λ −1 n, A has the form as in (2.6). Then we can write
where
has no eigenvalue 1 so that ρ(γ) has a fixed point y ∈ R m+1 , i.e. ρ(γ)(y) = y. Conjugate Γ by a translation t y = ( 0 −y , I), it follows (2.8)
When we consider the orbits of {t y
On the other hand, noting t y nt −1 y = n, we put n = ( t 0 , I).
y acts freely on R m+2 , this shows t y γ q t −1 y · n −p = 1, and thus
y n p t y = n p . The linear part of γ q is (λA) q for γ = (a, λA), so it follows (λA) q = I. By the formula of (2.7), we obtain λ 2q = 1. This is impossible because λ < 1 for the element γ.
y and evaluate at the origin:
By properness of t y Γt
y · n −ℓ j for some i, j. As t y and n commute, it follows
Again the formula of (2.7) implies λ 2m = 1 which is impossible for γ = (a, λA).
As a consequence, q(Γ) = {1} in (2.5).
Lorentzian flat Seifert manifolds
Let M = R m+2 /Γ be a compact complete Lorentzian similarity manifold. It follows from Proposition 2.4 that Γ ∩ R m+2 is nontrivial, say
As R k acts properly on R m+2 as translations, we have an equivariant principal bundle:
where ℓ = m + 2 − k and Q = Γ/Z k . In this case each element γ of Γ has the form:
If we put
then it is easy to see that ρ : Q→ A (ℓ) is a well-defined homomorphism. The quotient group Q acts on R ℓ through ρ:
Recall the following lemma (cf. [11] ).
Lemma 3.1. The group ρ(Q) is a properly discontinuous affine action on R ℓ such that • Ker ρ is a finite subgroup.
• R ℓ /ρ(Q) is a compact affine orbifold.
Proof. We show that Q acts properly discontinuously. Consider the pushout:
As both R k and Γ act freely and properly on
Choose a sequence {γ i } i∈N from Γ such that ν(γ i ) = α i . As
Since R k · Γ acts properly on R m+2 , there is an element g ∈ R k · Γ such that t i γ i →g and so α i = ν(t i γ i )→ν(g) ∈ Γ. Thus Q acts properly discontinuously on R ℓ . We check that Ker ρ is finite. Let 1→Z k →Γ 1 →Ker ρ→1 be the induced extension by the inclusion Ker ρ ≤ Q. Then Γ 1 acts invariantly in the inverse image R k = ν −1 (pt). As Γ acts freely and properly, the quotient
By the definition [17] , we obtain
is an injective Seifert fiber space with typical fiber a torus T k and exceptional fiber a euclidean space form
In [8] Fried has found all simply transitive Lie group actions on 4-dimensional Lorentzian flat space R 4 which applied to classify 4-dimensional compact (complete) Lorentzian flat manifolds M up to a finite cover. As a consequence, M is finitely covered by a solvmanifold.
We take a different approach to determine 4-dimensional compact complete Lorentzian flat manifolds M from the existence of causal actions. Definition 3.3. A circle S 1 (respectively R) is a causal action on M if the vector field induced by S 1 (respectively R) is causal (timelike, spacelike or lightlike) vector field on M. Compare [13] .
We have the following result which occurs particularly in dimension 4 but not in general.
Proposition 3.4. The fundamental group Γ of a compact complete Lorentzian flat manifold M has a finite index subgroup which contains a central translation subgroup. In particular, some finite cover of M admits a causal circle action.
be the maximal connected solvable Lie subgroup of E(3, 1). (See the proof of (2) of Proposition 2.2.) Then Γ lies in the following exact sequences up to finite index:
Here µ P is the conjugate homomorphism by some matrix P ∈ GL(4, R).
For γ ∈ Γ, we write
As L(Γ) is a free abelian group of rank 2, φ(L(Γ)) belongs to A or N up to conjugacy where SL(2, R) = KAN. Since GL(2, Z) is discrete, φ(L(Γ)) is isomorphic to Z, and so Ker φ = Z. Choose a generator γ 0 from Ker φ and γ ∈ Γ for which φ(L(γ)) generates φ(L(Γ)). Note γ 0 , γ and Z 2 generate Γ. Recall the homomorphism ρ : L(Γ)→A(2) defined by ρ(L(γ)) = (a 2 , B) from (3.4). Since ρ(L(Γ)) is a properly discontinuous action of A(2) with compact quotient, the holonomy group of ρ(L(Γ)) is a unipotent subgroup of GL(2, R). In particular, each B has two eigenvalues 1 and so L(γ) has at least two eigenvalues 1. From (3.5),
As φ(L(γ 0 )) = A = I in this case, L(γ 0 ) has all eigenvalues 1. (3.8)
which contradicts a maximality of the translation subgroup
Then A of (3.6) has two eigenvalues 1 so [γ, Z 2 ] = (A − I)Z 2 has rank less than 2. Hence there is an element m ∈ Z 2 such that [γ, m] = 1. As φ(γ 0 ) = 1, γ 0 mγ
Case 2. Suppose that
There is an induced affine action ρ : L(Γ)→A(1) in this case so that ρ(L(Γ)) consists of a translation group up to finite index. As above we obtain
where A ∈ GL(3, Z). Since L(γ) has the eigenvalue 1, in view of (3.7), it follows either T = I or λ = 1. If T = I, A has at least one eigenvalue 1. As Γ = Z 3 ⋊ Z, it follows Rank [γ, Z 3 ] < 3. Again there exists an element n ∈ Z 3 such that γnγ −1 = n. Hence n is a central element in Γ.
Let Z be a central translation subgroup of Γ. Put Q = Γ/Z. As every element γ ∈ Γ has the form
where B ∈ GL(3, R), there is an induced action
Although Z is not necessarily equal to Γ ∩ R 4 , it can be easily checked that ϕ : Q→A(3) is a properly discontinuous action such that R 3 /ϕ(Q) is compact and Ker ϕ is finite as in Lemma 3.1. If R is the span of Z in R 4 , then R is causal on R 4 .
Proposition 3.5. Every compact complete Lotentzian flat 4-manifold admits a causal circle bundle M in its finite cover.
is a nontrivial principal bundle over the affine torus with euler number k ∈ Z. Moreover, S 1 is spacelike so M coincides with (2) of case (ii).
Proof. According to whether R is timelike or spacelike, we see that the induced action is Euclidean ϕ : Q→E(3) or Lorenztian ϕ : Q→E(2, 1) respectively. Moreover, we have a decomposition R 4 = R × R 3 with respect to the Lorentz inner product. Then the formula of (3.6) becomes:
For ϕ(Q) ≤ E(3), it follows ϕ(Q) ≤ R 3 up to finite index by the Bieberbach Theorem and hence γ = ( a b , I). As a consequence, Γ ≤ R 4 .
This shows (i).
For ϕ(Q) ≤ E(2, 1), we assume ϕ(Q) is torsionfree. It is known that a compact Lorentzian flat 3-manifold R 3 /ϕ(Q) is T 3 , a Heisenberg nilmanifold N /∆ or a solvmanifold R/π. (For example, [9] , [15] .) When 
By the classification [21] of 4-dimensional solvmanifolds, the universal covering group G is either one of solvable Lie groups of Inoue type Sol
We treat the last case that R is lightlike. By an ad-hoc argument or using the result of [8] , it is shown that Γ is nilpotent with Rank C(Γ) = 2. So R 4 /Γ = S 1 ×N /∆ again. The universal cover R×N is isomorphic to the semidirect product of the translation subgroup R 3 with R; 
As [∆, ∆] = kZ (∀ k ∈ Z), S 1 →N /∆−→T 2 is a circle bundle with euler number k ∈ Z.
Remark 3.6. For the last case, the translation group is the same R 3 = R 3 × 0 but R has other possibilities:
Conformally flat Lorentzian manifold
Recall that the stabilizer of PO(m + 2, 2) at the point∞ ∈ S m+1,1 is isomorphic to
Since a maximal amenable subgroup of O(m + 1, 1) is isomorphic to O(m + 1, 1) ∞ or O(m + 1, 1) 0 , a maximal amenable Lie subgroup of PO(m + 2, 2) is isomorphic to either one of the following groups:
Definition 4.1. An m+2-manifold is said to be a Lorentzian parabolic manifold if it admits a Sim(R m ) × R + -structure.
As to Case (ii), we have Proposition 4.2. Let M be an m+2-dimensional compact conformally flat Lorentzian manifold whose holonomy group belongs to
Then M is finitely covered by the Lorentz model
Proof. There exists a developing pair:
By the hypothesis, Γ = P • ρ(π 1 (M)) ≤ G. If Γ is a finite subgroup, it follows Γ ≤ O (m+1)×Z 2 so that P •dev :M →S m+1,1 is a covering map.
There is a group extension 1→Z→ρ(π 1 (M))−→Γ→1 associated to the covering of
consists of the hypersurface. (See [1] .) Put Dev = P • dev and
Then the developing pair reduces:
where Γ ≤ G. Here we put
, X/π is endowed with the usual similarity structure.
Case 1.
If X is geodesically complete with respect to the pull-back metric of the standard euclidean metric on R m+2 , then Dev is a covering map of X onto R m+2 and so Dev is a diffeomorphism. Thus Γ acts properly discontinuously on
Since Λ is a Γ-invariant closed subset (and so compact), every orbit Γ · x for each x ∈ Λ has an accumulation point in Λ, so Γ cannot act properly on Λ. Therefore, Λ = Dev(M − X) = ∅ orM = X. Thus M is diffeomorphic to a compact euclidean space form R m+2 /Γ. Hence M is finitely covered by an m + 2 -torus
Case 2. Suppose that a similarity manifold X is not (geodesically) complete. It follows from Fried's theorem [7] that there exists a Γ-invariant closed (affine) subspace I in R m+2 which lies outside the developing image Dev(X). (Note that a similarity manifold X/π is not necessarily compact.) In this case, some element of Γ has nontrivial
After conjugation by such element we may assume 0 ∈ I.
Put the vector subspace I = R ℓ in R m+2 (ℓ < m + 2). Since I is closed, the closureΓ ≤ G leaves the complement R m+2 − R ℓ invariant. This implies
Using the real hyperbolic geometry (PO(m + 3, 1), S m+2 ), it can be viewed as
. The subgroup of PO(m+3, 1) preserving this complement is isomorphic to PO(ℓ+1, 1)× O (m−ℓ+2). Thus H ℓ+1 ×S m−ℓ+1 = R m+2 −R ℓ admits a complete Riemannian metric which is invariant under this transitive group of isometries. In particular any closed subgroup acts properly on R m+2 − R ℓ .
Lemma 4.3 (Covering property). X admits a π-invariant
Riemannian metric such that Dev : X→R m+2 − R ℓ is a covering map.
Proof. As Dev(X) lies outside I = R ℓ , it restricts the developing image Dev : X→R m+2 − R ℓ . SinceΓ acts properly on R m+2 − R ℓ , choose aΓ-invariant Riemannian metric on R m+2 −R ℓ such that Dev : X→R m+2 − R ℓ is a local isometry with respect to the pullback metric of R m+2 − R ℓ . Let P :M →M be the covering projection. As the pullback metric on X is π-invariant, the (restricted) projection P : X→X/π induces a Riemannian metric on X/π.
Let {x j } be a Cauchy sequence in X/π. Since X/π ⊂ M which is compact, lim j→∞ x j = w ∈ M. Choose a pointw ∈M and neighborhoods U(w) ⊂M , U(w) ⊂ M such that P : U(w)→U(w) is a homeomorphism with P (w) = w. Let {x j } ⊂ U(w) be a sequence such that P (x j ) = x j and lim j→∞x j =w. As P : U(w)∩X→U(w)∩X/π is an isometry, {x j } is also Cauchy. Since the sequence {Dev(x j )} is Cauchy in
and a / ∈ W = S m+1,1 − R m+2 ) and hence P (w) = w ∈ X/π, X/π is complete. So X is complete, Dev : X→R m+2 − R ℓ is a covering map.
The proof of Lemma 4.3 works when R ℓ is replaced by the following space Y . From Lemma 4.3, if ℓ = m, Dev : X→R m+2 −R ℓ is a homeomorphism so Γ is discrete. If we recall that Γ has a nontrivial summand in R
is a lift of Dev, then it is a diffeomorphism so that the conjugate group Γ = Dev•π • Dev −1 acts properly discontinuously on H m+1 R ×R 1 . Moreover, associated with the infinite covering of H m+1 R × S 1 , there is the commutative diagram:
SinceΓ is discrete and has a nontrivial summand in
For both of (4.6), (4.7), Γ fixes 0 such that the complement R m+2 − {0} = S m+1 ×R + admits a complete Riemannian metric invariant under O (m+2)×R + . Applying Proposition 4.4, (Φ, Dev) : (π, X)→ (Γ, R m+2 − {0}) is an equivariant covering map. Hence Dev : X→ R m+2 − {0} is a diffeomorphism. On the other hand, we can show that Λ = Dev(M − X) = ∅ as in the argument of Case 1, Dev :M →R m+2 − {0} is a diffeomorphism. Hence M is finitely covered by a Hopf manifold
Theorem 4.5. Let M be an m + 2-dimensional compact conformally flat Lorentzian manifold whose holonomy group is a virtually solvable subgroup lying in Sim L (R m+2 ). Then M is either a conformally flat Lorentzian parabolic manifold or finitely covered by the Lorentz model
Proof. Given a compact conformally flat Lorentzian (m + 2)-manifold M, there exists a developing pair
Denote Aut(T∞S m+1,1 ) the automorphism group of T∞S m+1,1 where T∞S m+1,1 is the tangent space of
Hence the assertion follows from Proposition 4.2.
Remark 4.6. We collect several remarks and problems.
(i) If M is a compact Lorentzian similarity manifold with virtually solvable holonomy group, then it is easy to see that M is either a Lorentzian parabolic similarity manifold, a euclidean space form or a Hopf manifold. (ii) As a compact Lorentzian flat manifold is complete by Carriere's celebrated theorem [3] , it is a Lorentzian parabolic similarity manifold by the definition. (iii) There is a compact incomplete Lorentzian similarity m + 2-manifold whose fundamental group is isomorphic to Γ×Z where Γ is a torsionfree discrete cocompact isometry subgroup of the hyperboloid H m+1 R
. In particular, the virtual solvability of π 1 (M) does not follow from compactness for a Lorentzian similarity manifold M. (iv) Let M be a compact Lorentzian parabolic similarity manifold with virtually solvable holonomy group. Is M complete? We don't know whether there exists a compact Lorentzian parabolic similarity manifold other than compact Lorentzian flat manifolds. See Corollary 6.3 for compact Fefferman-Lorentz parabolic similarity manifold.
For (iii), this is easily obtained by taking the interior of the cone in R m+2 which is identified with the product H m+1 R × R + on which the holonomy group O (m + 1, 1) × R + acts transitively.
Fefferman-Lorentz parabolic structure
Let Z 2 be the subgroup of the center S 1 in U(n + 1, 1). PutÛ(n + 1, 1) = U(n + 1, 1)/Z 2 . The inclusion U(n + 1, 1)→O(2n + 2, 2) defines a natural embeddingÛ(n + 1, 1)→PO(2n + 2, 2). ThenÛ(n + 1, 1) acts transitively on S 2n+1,1 so that (Û(n + 1, 1), S 2n+1,1 ) is a subgeometry of (PO(2n + 2, 2), S 2n+1,1 ). As in Introduction, a conformally flat Fefferman-Lorentz parabolic manifold M is a 2n + 2 -dimensional smooth manifold locally modelled on the geometry (U(n + 1, 1), S 1 × S 2n+1 ). See [15] for details. We observe which subgroup in Sim L (R 2n+2 ) corresponds to conformally flat Fefferman-Lorentz parabolic structure. Let q : S 2n+1,1 →S 2n+1 be the projection and {∞} the infinity point of S 2n+1,1 which maps to {∞} of S 2n+1 . As a spherical CR-manifold, S 2n+1 − {∞} is identified with the Heisenberg Lie group N . Since the stabilizer is
the intersectionÛ(n + 1, 1) ∩ PO(2n + 2, 2)∞ becomeŝ
Noting Sim
where R 2n+2 ⋊ R 2n is a nilpotent Lie group such that N ≤ R 2n+2 ⋊ R 2n . We have shown in [15] (Compare [6] .) Note that S 1 acts as lightlike isometries on Fefferman-Lorentz manifolds
is an infinite covering of (Û(n+1, 1), S 2n+1,1 ), then the subgroup R × (N ⋊ U(n)) of U(n + 1, 1)
∼ acts transitively on the complement 
Developing maps
Suppose that M is a 2n + 2-dimensional conformally flat FeffermanLorentz parabolic manifold. There is a developing pair:
be the equivariant projections. Let Γ = ρ(π) be the holonomy group of M as before. There is a central group extension:
Theorem 6.1. Let M be a compact conformally flat Fefferman-Lorentz parabolic manifold in dimension 2n + 2. Suppose that the holonomy group Γ is discrete. If the developing map dev :M →S 2n+1,1 = R × S 2n+1 misses a closed subset which is invariant under R and Γ, then dev is a covering map onto the image.
Proof. Let Λ be both R and Γ-invariant closed subset such that dev(M ) ⊂ S 2n+1,1 − Λ. I. Suppose that p • q(Λ) contains more than one point in S 2n+1 . Let L(G) be the limit set for a hyperbolic group G (cf. [5] 
It is easy to see that the closureΓ ≤ U(n + 1, 1)
∼ acts properly onS 2n+1,1 − Λ. Since Γ is discrete by the hypothesis, Γ acts properly discontinuously onS 2n+1,1 − Λ so there exists a Γ-invariant Riemannian metric. (Compare [16] for instance.) As dev :M →S 2n+1,1 − Λ is an immersion, the pullback metric by dev is a π-invariant Riemannian metric onM . Thus dev :M →S 2n+1,1 − Λ is a covering map.
We have a commutative diagram of group extensions from (6.3):
(6.5)
Here R · Γ is the pushout.
(ii) Suppose that p•q(Γ) is not discrete, then the identity component of the closure p • q(Γ) 0 is solvable by Bieberbach-Auslander's theorem [20, 8. 24 Theorem]. We may assume that p • q(Γ) 0 is noncompact, so it follows up to conjugacy
As the normalizer of
If we note that R + acts as the multiplication
for λ ∈ R + , (a, z) ∈ N (cf. [12] ). Since Γ is discrete, it is easy to check
In the first case, it follows p • q(Λ) = {0, ∞}. For the second case, p • q(Λ) = {∞} which is excluded by the assumption of Case I.
II. Suppose that p • q(Λ) consists of a single point, say {∞} ∈ S 2n+1 . As Λ = R · ∞, it follows dev :
As in the argument of (ii), it follows either (1)
For (1), R×N admits an R·N ⋊U(n)-invariant Riemannian metric so dev :M →R × N is a diffeomorphism. Note that M is diffeomorphic to R × N /Γ whose finite cover S 1 × N /∆ is a conformally flat Lorentzian parabolic manifold with virtually nilpotent fundamental group. Suppose (2) where Γ ≤ R × (U(n) × R + ). As R × (U(n) × R + ) leaves R × {0} invariant, put X =M − dev −1 (R × {0}) which is invariant under R × (U(n) × R + ). This induces a developing map dev : X→R × (N − {0}) = R × (S 2n × R + ). Since R × (S 2n × R + ) admits a complete Riemannian metric invariant under R × (U(n) × R + ), the same proof of Proposition 4.4 implies that dev : X→R × (N − {0}) is a (covering) diffeomorphism. If dev −1 (R × {0}) = ∅, then dev :M →dev(M ) ⊂ R × N is also a diffeomorphism. As Γ acts properly on R × N , it follows dev(M) = R × N . But Γ has cohomological dimension at most 2, this cannot occur. Then dev −1 (R × {0}) = ∅ which concludes that dev :M →R × (N − {0}) is a diffeomorphism. In this case p • q(Λ) = {∞} ⊂ {0, ∞}. This finishes the proof of the theorem. Let q • dev :M→R 2n+2 be the developing map for which q(Γ) ≤ U(n + 1, 1). Then dev misses Λ = q −1 (S 1 ·∞) which is invariant under both Γ and R. In particular, p • q(Λ) = {∞}. As Γ is discrete in U(n + 1, 1)
∼ by the hypothesis, we can apply Theorem 6.1 to show that either (c) or (d) of Remark 6.2 occurs.
According to (c) or (d), it follows either Γ ≤ R × (N ⋊ U(n)) or Γ ≤ R ×(U(n) ×R + ). However, Γ leaves R 2n+2 invariant. As the developing image is connected, we note by (6.9) that dev(M) ⊂ I × N ⊂ R × N . Here I is one of the components ZI ⊂ R. This implies Γ ≤ N ⋊ U(n) or Γ ≤ U(n) × R + respectively. Then (6.10) becomes: It follows that M ∼ = I × N /Γ, or M ∼ = I × (S 2n × S 1 /F ) respectively. In each case, M cannot be compact.
Remark 6.4. The hypothesis that Γ is discrete is used to eliminate Case II that the limit set consists of a single point. Concerned with the hypothesis on Theorem 6.1, discreteness of the holonomy group and that Λ is R-invariant may be dropped. More generally we pose Conjecture 6.5. Given a compact conformally flat Lorentzian manifold, if a developing map is not surjective, then it is a covering map onto the image.
